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E-mail address: rolf.mahnken@ltm.upb.deWe develop a macroscopic constitutive model for temperature-dependent visco–elastic effects accompa- 
nied by curing, which are important phenomena in production processes. Within a thermodynamic frame- 
work we use an add itive ternary decomposition of the logarithmic Hencky strain tensor into mechanical,
thermal and chemical parts. Based on the concept of stoichiometric mass fractions for resin, curing agent 
and solidiﬁed material the bulk compression modulus as well as the bulk heat- and shrinking dilatation 
coefﬁcients are derived and compared with ad hoc assumpt ions from the literature. Moreover, we use 
the amount of heat generated during differential scanning calorimetry until completion of the chemical 
reactions, to deﬁne the chemical energy. As a major result, the resulting latent heat of curing occurring in 
the heat-condu ction equation derived in our approach reveals an ad hoc approach from the literature as 
a special case. In addition, thermodynamic consistency of the model will be proved, and the numerical 
implementation of the constitutive equations into a ﬁnite-element program is described . In the examples 
we illustrate the characteristic behaviou r of the model, such as shrinking due to curing and temperat ure 
dependence and simulate the deep drawing of a spheric al part with the ﬁnite-element-method.
 2013 Elsevier Ltd. All rights reserved.1. Introduction 
Nowadays, polymeric materials play an important role in indus- 
try, where adhesives in automotive, electronics or aerospace indus- 
try are typical examples . Moreover, applications are found in 
carbon- and glass ﬁbre-reinforced epoxy laminates and (nano-)
particle-reinfo rced polymer structures (Ruiz and Trochu, 2005;
Lange, 1999 ). The production process of polymeric materials is 
mainly characterised by curing. Here, in the initial uncured state 
the mixture of resin and curing agent exhibits a viscous liquid 
beh avio r al low in g no mo re than hyd ro st ati c pr es su re. Wit h ev olv in g
curing polymer chains form and cross-link to each other such that 
the viscosity of the liquid resin, its molecular weight and the stiff- 
ness increase, (Hossain et al., 2009b; Adolf and Chambers, 2007;
Hossain et al., 2000; van’t Hof, 2006 ). The process is highly temper- 
ature depende nt and inﬂuences strongly the mechanical , thermal 
and chemical properties.
Due to increasing demand, over the last years considerable ef- 
fort was made to develop three-dimens ional constitutive models 
that account for a time- or degree of cure dependence of the 
mechanical properties. Several suggestions for simulation of poly- 
mer curing on the basis of a physically and chemically sound ap- 
proach have been presente d by Adolf and Chambers (2007,ll rights reserved.
.1997), Adolf et al. (1998, 2004). Both geometrical ly linear and non- 
linear constitutive models have been proposed.
The curing of polymers both at small and large strains is also 
considered by Hossain et al. (2009a,b). In particular, a thermody- 
namically consistent framewor k for the simulation of curing poly- 
mers independen t of the choice of the free energy density is 
proposed . In this way any phenomeno logical or micromechani cal 
approach can be utilized.
In Lion and Höfer, 2007 a phenomeno logical thermo–viscoelas- 
tic curing model for ﬁnite strain deformation s is proposed . The for- 
mulation is based on process depende nt viscosities as in the 
previous works of Haupt and Lion Haupt and Lion, 2002; Lion,
1998; Lion, 1997 within a thermodyna mic framework. It accounts 
for thermally and chemically induced volume changes using a ter- 
nary multiplicative split of the deformation gradient into mechan- 
ical, thermal and chemical parts. Furthermore, a coordinate of 
reaction is introduced representing the degree of cure, and which 
is taken as in internal variable into the Helmhol tz free energy. A
detailed description of the ﬁnite element implementati on is given 
in Retka and Höfer (2007). A more advanced applicati on of the ﬁ-
nite element method for curing processes is presente d in Klinge
et al. (2012), in order to consider the aspect of microhet erogeneity 
of the curing process by use of a so-called multiscal e ﬁnite element 
method.
The multiplicative decompositi on of the deformation gradient is 
an issue of controverse argumentat ion. Whilst the physical 
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of the crystalline structure, this is not the case for polymers. There- 
fore, in this work we use the total Hencky strain tensor in a logarith- 
mic form, which is a function of the right Cauchy-Green tensor, see 
Hencky (1928). On more generalised strain tensors of the Seth–Hill
family we refer to Seth (1964) and Hill (1968). Well known examples 
of this general family are standard Green‘s strain, Biot‘s strain and 
the logarithmi c Hencky-type strain, see e.g. Ogden (1984) and Sil-
havy (1997). On the application for ﬁnite visco–elasticity of amor- 
phous glassy polymers we refer to Miehe et al. (2009). Algorithms 
for computation of stresses and elasticity moduli in terms of Seth–
Hill‘s family of generalised strain tensors are considered in Miehe
and Lambrecht (2000). In Mahnken (2005) generalized Seth–Hill
strain tensors are applied to consider anisotropy in geometri cally 
non-linear elasticity and Mahnken and Shaban (2011) use logarith- 
mic strains for simulation of asymmetric effects in large strain elas- 
to-plasticity for polymers. A critical review on the applicati on of the 
additive decomposition of the generaliz ed strain measures in large 
strain plasticity is given in Itskov (2004).
Concerning the cure dependence of physical constants, several 
ad hoc assumptions are made in the literature: E.g. for the bulk 
compression modulus at least two conceptions can be distin- 
guished: According to Meuwiss en et al. (2004) a linear relationship 
for the bulk moduli for the monomer (or uncured resin and curing 
agent) and the solid is assumed. Contrary, in O’Brien et al. (2001)
the compress ion modulus is obtained from the cure dependent 
shear modulus by keeping Poissons’s ratio constant , see also (Hoss-
ain et al., 2009a ). Furthermore, Ruiz and Trochu (2005) and Hill
(1995) formulate ad hoc assumptions for the bulk heat-dilatat ion 
coefﬁcient depende nt on curing, whereas the bulk shrinking–dila-
tation coefﬁcient is not dependent on the degree of curing.
The main aspects and the organisat ion of this paper can be sum- 
marized as follows:
 Section 2 presents a thermodynam ic framework for combined 
visco–elasticity and curing. In order to take into account the dif- 
ferent physical effects we use an additive ternary decomposi- 
tion of the logarithmic Hencky strain tensor into mechanical,
thermal and chemical parts. Based on the concept of stoichiom- 
etric mass fractions for resin, curing agent and solidiﬁed mate- 
rial explicit equations are derived for the bulk compress ion 
modulus as well as the bulk heat- and shrinking dilatation coef- 
ﬁcients in terms of temperature dependent densities and the 
degree of cure. With these results, we derive relations for the 
bulk compression modulus as well as the bulk heat- and shrink- 
ing dilatation coefﬁcients. We also verify, that in contrast to the 
bulk heat-dilatation coefﬁcient the bulk shrinking–dilatation 
coefﬁcient is not dependent on the degree of curing z. This 
result is in accordance with the ad hoc assumptions in Ruiz
and Trochu (2005) and Hill (1995).
 In Section 3 a prototype model is proposed by applying the 
thermodyna mic framework to a speciﬁc Helmhol tz free energy 
function. In particular , we use the amount of heat, e.g. intro- 
duced as HT in Hilton (2003), which is generated during differ- 
ential scanning calorimetry until completion of the chemical 
reactions, to deﬁne the chemical energy. As a major result, the 
latent heat of curing in our approach includes the heat HT in
the heat-conductio n equation as in Hilton (2003), extended by 
further terms derived from the free energy function. Further- 
more, thermodynam ic consistency of the proposed model tak- 
ing into account curing is shown.
 The numerica l impleme ntation of the constitutive equations in 
Section 4 is based on solution of an eigenvalue problem for the 
right Cauchy-Green tensor. The resulting spectral decompo si- 
tion of the Hill tensor renders an identical structure as in the 
geometrical linear theory, which is regarded as a major advan- tage of the proposed approach using logarithmic Hencky 
strains, see e.g. (Miehe and Lambrecht, 2000 ). Furthermore,
we provide some comments on implementation of the coupled 
equilibriu m/heat-conduc tion partial differential equation in the 
framewor k of a staggered algorithm.
 In two examples in Section 5 we simulate the thermo–chemical 
coupling of a differential scanning calorimetry test (DSC) for an 
epoxy resin, and we illustrate the mechanical–thermo–chemi-
cal coupling including shrinking and time dependence of stres- 
ses. A further example simulates the deep drawing of a
spherical part with the ﬁnite-element-method. Here, the inﬂu-
ence of the additional parts for the latent heat has not been con- 
sidered so far in the numerica l simulations, and will be an issue 
of further research.
1.1. Notations 
Square brackets ½ are used throughout the paper to denote 
‘function of’ in order to distinguish from mathematical groupings 
with parenthesis ðÞ.
2. A thermodynam ic framework for visco–elasticity coupled to 
curing
2.1. Total and relative strain tensors 
The constitutive equation s used in this work are formulated in 
the framework of a large-strain theory. To this end the deformat ion 
gradient F is introduced at each material point, mapping line seg- 
ments dX of the reference conﬁguration B0 to line segments dx of
the current conﬁguration B, and we introduce its Jacobian 
J ¼ det F, mapping a volume element dV of the reference conﬁgura-
tion B0 to a volume element dv of the actual conﬁguration B:
1: dx ¼ F  dX; 2: dv ¼ JdV : ð1Þ
A key point in constructing a framewo rk of ﬁnite plasticity is the 
deﬁnition of the total Hencky strain tensor E in a logarit hmic form,
see e.g. (Hencky, 1928; Seth, 1964; Ogden, 1984; Silhavy, 1997 ). We 
assume this strain measure to be a function of the right Cauchy- 
Green tensor C, that is 
1: C ¼ Ft  F; 2:E ¼ 1
2
ln C: ð2Þ
For the volumetric and deviatori c parts of the Hencky strain tensor 
and the related relative strain tensor 
1: Evol ¼ 1
3
tr E 1; 2: Edev ¼ E  Evol; 3: Et ½s ¼ E½s  E½t ð3Þ
the following properti es hold:
1: Et ½t ¼ 0
2:
d
dt 
Edevt ½s ¼  _Edev ½t ¼ Idev : P : D½t
3:
d
ds 
Edevt ½s ¼
d
ds 
Edev ½s
4:
d
ds 
tr Edevt ½s2
h i
¼ 2 d
ds 
Edev ½s : Edevt ½s
5:
d
dt 
trEt½s ¼ tr _E½t ¼ 1 : P : D½t
6:
d
ds 
trEt½s ¼ dds trE½s
7:
d
ds 
ðtrEt ½sÞ2 ¼ 2 dds trE½strEt½s:
ð4Þ
Here the dot above the argumen t denotes the derivative with re- 
spect to the time t. In addition two fourth order projection tensors 
and a mater ial rate of deformation tensor are introduced,
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3
1  1; 2: P ¼ 2 @E
@C
; 3: D½t ¼ 1
2
_C½t; ð5Þ
where 1 and I are second and fourth order unit tensors, respec- 
tively. Furtherm ore, by use of the spectral decompos itions 
1: C ¼
X3
A¼1
k2AM
A ) 2: E ¼ 1
2
X3
A¼1
ln k2AM
A ð6Þ
the following relation can be shown 
ln J ¼ 1
2
2 ln det F ¼ 1
2
ln det C ¼ 1
2
ln ½k21k22k23 ¼
1
2
X3
A¼1
ln k2A ¼ trE
ð7Þ
and we note, that by use of the deﬁnition (2.2) the relative Hencky 
strain tensor in (3.3) attains the representat ion 
Et½s ¼ E½s  E½t ¼ 12 ln C½s 
1
2
ln C½t: ð8Þ2.2. Mass fractions and the degree of cure 
In order to represent the chemical reaction between both the 
resin and the curing agent on a physically-bas ed, phenomenolog i- 
cal basis, we employ the concept of stoichiomet ric mass fractions 
as discussed extensively in Lion and Höfer (2007): We assume that 
we have a homogeneous mixture with three constituents resin,
curing agent and solidiﬁed material at each instant of time t. As a
consequence there are neither concentr ation gradients nor diffu- 
sion effects. With the time-depend ent variables dmr ½t; dmca½t
and dmsol½t for the masses of resin, curing agent and solidiﬁed
material, respectivel y, the conservation of mass during the curing 
reaction requires 
dmr ½t þ dmca½t þ dmsol½t ¼ dm0 ¼ const; ð9Þ
where the constant dm0 is the total mass of the mixture Lion and 
Höfer, 2007 . Dividing Eq. (9) by dm0 and introducing the mass frac- 
tions of resin, curing agent and solid 
fr ½t ¼
dmr ½t
dm0
; fca½t ¼
dmca½t
dm0
; fsol½t ¼
dmsol½t
dm0
; ð10Þ
we obtain the balance relation 
fr ½t þ fca½t þ fsol½t ¼ 1: ð11Þ
As explain ed in Lion and Höfer (2007) the number of variable s can 
be reduced by taking into account the stoichiomet ry of the mixture.
To this end the degree of cure 0 6 z½t 6 1 is introduce d, see also 
(Hossain et al., 2000 ), such that the mass fractions of the three com- 
ponents of the mixture are written in the form 
1: fr½t ¼ nð1  z½tÞ
2: fca½t ¼ ð1  nÞð1  z½tÞ
3: fsol½t ¼ z½t:
ð12Þ
The initial state with z½0 ¼ 0 corresp onds to the uncured, viscous 
mixture with fr ½0 ¼ n, fca½0 ¼ n  1, fsol½0 ¼ 0 as initial conditions.
Conseque ntly, n and 1  n are the mass fractions of the resin and 
the curing agent at the beginnin g of curing, respective ly. The ﬁnal
fully cured state at time t !1 with z½1 ¼ 1 corresponds to the 
solidiﬁed material at the end of the reaction, i.e. fr½1 ¼ fca½1 ¼ 0
and fsol½1 ¼ 1.
In the subsequent exposition, occasionally an index i ¼ r; ca; sol
referring to resin, curing agent and solidiﬁed material will be used.
Then, Eq. (11) and the connectiv ity for all three constituents ren- 
ders the following balances at each body point X 2 B0 and for all 
times t > 1,1:
X3
i¼1
fi ¼ 1; 2: fi P 0; i ¼ r; ca; sol: ð13Þ
Furthermo re, from Eq. (12) we obtain the functiona l relation 
fi ¼ fi½z; i ¼ r; ca; sol; ð14Þ
which means, that the mass phase fractions fi are indepen dent of 
temperat ure and deformat ion.
We also assume, that the mixture is homogeneous, i.e. all 
phases are equally distributed. Then, the (bulk) densities q0 and
q of the mixture with respect to the reference and the current con- 
ﬁgurations B0 and B are respectively deﬁned as 
1: .0 ¼
dm 
dV 
; 2: . ¼ dm 
dv : ð15Þ
Here, according to Eq. (1) dv and dV are the volume differentia ls of 
the mass differentia l dm at the reference and the current conﬁgura-
tions, respective ly.
Within the volume dv, let the ith constituent have its volume 
dv i and its mass dmi; i ¼ r; ca; sol. Then, the mass phase fraction fi
and the density of the ith constituent are deﬁned by 
1: fi ¼
dmi
dm
; 2: qi ¼
dmi
dv i
: ð16Þ
The Eqs. (15) and (16) imply the assumption, that the quantities q
and qi at a body point X 2 B0 are deﬁned by a limit process with 
volumes contracti ng to this point. Using Eq. (15), the relation 
dv ¼P3i¼1dv i as well as Eqs. (16.1,16.2) renders the following mix- 
ture rule for the inverse of the bulk density q
1
q
¼ dv
dm
¼
P3
i¼1dv i
dm
¼
X3
i¼1
dmi
qidm
¼
X3
i¼1
fi
qi
: ð17Þ
For the subsequent analysis, we assume that the density of each 
constituent is solely dependent on the pressure p and the temper- 
ature, that is 
qi ¼ qi½p; h: ð18Þ
Note, that the functional relation s (14) and (18) combined with the 
mixture rule Eq. (17) imply the functiona l relation 
q½t ¼ q½p½t; h½t; z½t; ð19Þ
i.e. the density change is induced by pressure p, temperat ure h and/
or by curing z.
2.3. Total and relative volumetric changes 
We assume that the total volume change J in Eq. (1.2) is multi- 
plicativel y decompo sed into an effective part (induced by pressure 
p), a thermal part (induced by temperat ure h) and a chemical part 
(induced by curing z as a result of shrinkage due to polymeriza- 
tion), that is 
J ¼ dv
dV
¼ q0
q
¼ Jh  Jp  Jz: ð20Þ
Using the relation (17) and exploiting the functiona l relation (18),
the time derivative of J for the third part in Eq. (20) is expressed 
as follows:
_J ¼ d
dt 
q0
q
 
¼ q0
d
dt 
X3
i¼1
fi
qi
 !
¼ 
X3
i¼1
q0
fi
q2i
@qi
@p
_p 
X3
i¼1
q0
fi
q2i
@qi
@h
_hþ
X3
i¼1
q0
qi
@fi
@z
_z: ð21Þ
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tional) bulk heat-dilatat ion coefﬁcient a and the (uni-directional)
bulk curing-dilat ation coefﬁcient b:
1: j½p; h; z ¼
X3
i¼1
ji½p; hfi;where 2: ji½p; h ¼
q0
q2i
@qi
@p
3: a½p; h; z ¼
X3
i¼1
ai½p; hfi;where 4: ai½p; h ¼
q0
3q2i
@qi
@h
5: b½p; h ¼
X3
i¼1
bi½p; h
@fi
@z
;where 6: bi½p; h ¼
q0
3qi
:
ð22Þ
Then, a compact form of Eq. (21) is obtained as 
_J ¼ j½p; h; z _p þ 3a½p; h; z _hþ 3b½p; h _z: ð23Þ
The numbers 3 have been introduce d to obtain the standard deﬁni-
tions for uni-directio nal expansio n coefﬁcients, in contrast to the 
volumetric expansion coefﬁcients introduced e.g. in Hill (1995).
Next, we assume the approximation s
1: J  1  ln J ) 2: d
dt 
ln J  _J; ð24Þ
which are valid for small volumetr ic strains. Then, the time deriva- 
tive of the multiplica tive form (20) can be transfor med by use of Eq.
(23) into the following additive form:
d
dt 
ln Jp þ d
dt 
ln Jh þ d
dt 
ln Jz  j½p; h; z _p þ 3a½p; h; z _hþ 3b½p; h _z:
ð25Þ
Remarks 2.1 
1. Note, that in Eq. (24.2) the time derivative of an original func- 
tion and of its approximat ion are equalized. This does not hold 
in general, but for some functional spaces.
2. For the mass fractions of the three constituents in Eq. (12) the
bulk compressib ility in Eq. (22.1) isj½p; h; z ¼ jr ½p; hnð1  zÞ þ jca½p; hð1  nÞð1  zÞ þ jsol½p; hz;
ð26Þ
where jr½p; h, jca½p; h and jsol½p; h are deﬁned according to Eq.
(22.2). In general, for increasing pressure p the densities qi in-
crease, i.e. @qi=@p is positive, such that the bulk compressib ility 
j is positive.
3. For the mass fractions of the three constituents in Eq. (12) the
bulk heat-dilatat ion coefﬁcient in Eq. (22.1) isa½p; h; z ¼ ar½p; hnð1  zÞ þ aca½p; hð1  nÞð1  zÞ þ asol½p; hz;
ð27Þ
where ar½p; h, aca½p; hand asol½p; h are deﬁned according to Eq.
(22.4). In general , for increasing temperature h the densities qi
decrease, i.e. @qi=@h is negative, such that the bulk heat-dilat a- 
tion coefﬁcient a is positive.
4. For the mass fractions of the three constituents in Eq. (12) the
bulk curing-dilat ation coefﬁcient b in Eq. (22.5) isb½p; h ¼ nbr ½p; h  ð1  nÞbca½p; h þ bsol½p; h; ð28Þ
where br½p; h, bca½p; h and bsol½p; h are deﬁned according to Eq.
(22.6). In general we have qsol > qr and qsol > qca, such that 
b½p; h is negative. We also observe, that in contrast to the bulk 
heat-dilat ation coefﬁcient a the bulk curing-dilat ation coefﬁ-
cient b is not dependent on the degree of cure z. This result is 
in accordanc e with the ad hoc assumpt ions in Hill (1995) and 
Ruiz and Trochu (2005).
5. Let us assume a linear relation for the ith density: qi½p; h =
qi0  Dqih. Furthermore, we use the approximat ions 
1=ð1 þ xÞ  1  x and 1=ð1 þ xÞ2  1  2x, valid for x  1. Then,the bulk compressibility ji, the bulk heat-dilatation coefﬁcients 
ai and the bulk curing-dilat ation coefﬁcients bi in Eqs. (22.2,
22.4, 22.6) can be approximat ed as 1: ji½p;h ji0þDjih; where 2: ji0 ¼q0Dqi3q2i0
; 3: Dji ¼q0Dqi3q2i0
2Dqi
qi0
4: ai½p;h ai0 þDaih; where 5: ai0 ¼q0Dqi3q2i0
; 6: Dai ¼q0Dqi3q2i0
2Dqi
qi0
7: bi½p;h  bi0þDbih; where 8: bi0 ¼
q0
3qi0
; 9: Dbi ¼
q0
3qi0
Dqi
qi0
:
ð29Þ
The additive structure of the Eqs. (29.4, 29.7) corresponds to the 
ad hoc assumption in Ruiz and Trochu (2005) for the overall vol- 
ume changes of a thermo set resin during thermal expansion/ 
contraction and polymeriz ation shrinka ge.
6. For the case of constant values ji, ai, bi; i ¼ r; ca; sol we can 
rewrite Eq. (23) to Eq. (28) as1: _J ¼ jmð1 zÞ þjpz
 
_pþ 3 amð1 zÞ þ 3apz
 
_h B _z; where 
2: jm ¼ jrnþjcað1 nÞ; jp ¼ jsol
3: am ¼ arnþacað1 nÞ; ap ¼ asol
4: B ¼ nbr þ ð1 nÞbca  3bsol:
ð30Þ
Here jm and jp are the compr essibility, and am and ap are the 
thermal expansion coefﬁcients of the monome r (or uncured re- 
sin and curing agent) of the polymer (or fully cured material ),
respectively.
7. Concerning the cure dependence of the bulk compression modu- 
lus K ¼ j1, at least two conceptions can be distinguished in the 
literature: According to Meuwissen et al. (2004) a linear relation- 
ship for the bulk moduli Km and Ksol for the monomer (or uncured 
resin and curing agent) and the solid is assumed as 
K ¼ Kmð1  zÞ þ Ksolz. Contrary , in O’Brien et al. (2001) the com- 
pression modulus is obtained from the cure dependent shear 
modulus G½zby keeping Poissons’s ratio constant, see also (Hoss-
ain et al., 2009a ). These ad hoc assumptions are in contrast to our 
result in Eq. (30.2), which essentially describes a linear depen- 
dence on curing for the compressib ility, and which to the authors 
knowled ge has not been considered previously.
8. The Eqs. (30.3, 30.4) correspond to the assumption in Hill
(1995) for the overall volume changes of a thermoset resin dur- 
ing thermal expansion/c ontraction and polymerization shrink- 
age. (Note, that in Hill (1995) the volumetric thermal and 
shrinkage coefﬁcients are used, in contrast to the uniaxial ther- 
mal and shrinkage coefﬁcients in this work.)
9. Note, that the deﬁnition in Eq. (30.4) renders a positive value for 
B, which is also referred to as the shrinkage coefﬁcient.
For later use we deﬁne, analogously to the representat ion for 
the relative strain tensor in Eq. (8) the effective volumetric strain 
and its relative effective volumetric strain 
1: e½t :¼ ln Jp½t ¼ ln J½t  ln Jh½t  ln Jz½t ¼ trE½t  ln Jh½t  ln Jz½t
2: et ½s ¼ e½s  e½t;
ð31Þ
where in the relatio n (31.1) Eq. (7) has been used. Then, by use of 
the approx imation for small volumetr ic strains (25) the following 
properti es hold:
1: et ½t ¼ 0
2:
d
dt 
et ½s ¼  _e½t ¼ tr _E½t þ 3a½p; h½t; z½t _h½t þ 3b½p; h½t _z½t
3:
d
ds 
et ½s ¼ dds e½s ¼
d
ds 
trE½s  3a½p; h½s; z½s d
ds 
h½s  3b½p; h½s d
ds 
z½s
4:
d
ds 
et ½sð Þ2 ¼ 2 dds e½s
 
et ½s:
ð32Þ
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gree of cure deﬁned as 
1: ht½s ¼ h½s  h½t; 2: zt ½s ¼ z½s  z½t: ð33Þ2.4. Balance relations 
Using balance relations in a material representat ion with re- 
spect to the reference conﬁguration B0 we have, see e.g. (Haupt,
2002; Antman, 1995 )
1: q0€u  Div ðF  SÞ ¼ q0f; ðlinear momentum Þ
2: q0 _e þ Div q0 ¼ S : D þ q0rh; ðenergyÞ
3:  q0 _e þ q0h _gþ S : D 
1
h
q0  GradhP 0: ðentropyÞ
ð34Þ
In accordanc e with and in addition to the previous notations we 
use: q0 – density in the refere nce conﬁguration, u – displace ment 
vector, D – material rate of deformat ion tensor of Eq. (5.3), h – abso- 
lute temperat ure, S – (symmetric) 2nd Piola–Kirchhoff stress tensor,
f – mass density of external forces , e – mass density of the interna l
energy, q0 – heat-ﬂux density vector, g – entropy per unit mass, rh –
mass density of heat supply . We also recall, that the inequal ity 
(34.3) is known as the Clausius–Duhem inequality .
With the degree of cure z of Subsection 2.2 in mind, we require,
that the relations (12), (13) and (34) have to be fulﬁlled in the 
space–time domain B0	 1; T½, where T is the ﬁnal time of inter- 
est. We also remark, that due to exclusion of diffusion of the 
phases, the Clausius–Duhem inequality in the form (34.3) is valid.
2.5. Dissipation inequality 
Using the Legendre-tr ansformation between the internal energy 
e and the Helmholtz free energy W relation
W ¼ e  hg; ð35Þ
the Clausius–Duhem inequality (34.3) becomes 
hc ¼ 1
q0
S : D  _W _hg 1
q0h
q0  GradhP 0: ð36Þ
hc is the (mass density of) internal dissip ation, c is the (mass den- 
sity of) entropy-prod uction rate.
Let the Helmholtz free energy W be given as 
W ¼ W½E; h; z ð37Þ
in terms of the Hencky strain tensor E of Eq. (2.2), the temperatu re h
and the degree of cure z. We note, that the free energy could also be 
dependent on additional strain tensors, e.g. in order to represent 
inelastic effects. Also note, that the degree of cure z plays the role 
of an interna l variable . Next, we introduce thermodynam ical forces 
for the mechanical–thermal–chemical coupled process:
1: T ¼ q0
@W
@E
; 2: g
 ¼  @W
@h
; 3: Z ¼ q0
@W
@z
: ð38Þ
Then, from Eq. (37) the time derivative of the Helmholt z free energy 
W multiplied by the (bulk) density q0 is obtained as 
q0 _W ¼ q0
@W
@E
: 2
@E
@C
:
1
2
_C þ q0
@W
@h
_hþ q0
@W
@z
_z ¼ T : P : D  q0g
 _hþ Z _z;
ð39Þ
where P and D are deﬁned in Eqs. (5.2, 5.3) , respective ly. Now, the 
Clausius–Duhem inequality (36) can be rewritte n as 
q0hc ¼ S  T : Pð Þ : D  Z _z  q0 g g
ð Þ _h
1
h
q0  GradhP 0: ð40Þ
By standard arguments we obtain 1: S  T : Pð Þ : D ¼ 0 ) 2: S ¼ P : T ¼ P : q0
@W
@E
3: q0 g g
ð Þ _h ¼ 0 ) 4: g ¼ g
 ¼ 
@W
@h
ð41Þ
and with dissipatio n terms 
1: Di ¼ Z _z; 2: Dh ¼ 1
h
q0  Gradh ð42Þ
the Clausius–Duhem inequality (40) is rewritte n as a reduced form 
q0hc ¼ Di þDh P 0: ð43Þ
A stronger conditio n of the inequal ity (43) is introduced by setting 
both parts greater than zero, which results into 
1: Clausius—Planck inequality : Di P 0;
2: Heat-conduction inequality : Dh P 0: ð44Þ
A common approach for the heat ﬂux vector in Eq. (36) is the Fou- 
rier-law with respect to the referen ce conﬁguration:
q0 ¼ khðdet FÞC1  Gradh; ð45Þ
where F is the deformat ion gradient of Eq. (1), kh the non-nega tive 
heat conductio n coefﬁcient and Cthe right Cauchy–Green tensor of 
Eq. (2.1). Consequen tly the heat conduction inequality (44.2) is
satisﬁed.
In a general setting it is necessary to formulate the Helmholtz 
free energy W accordin g to the relation (37) and evolution 
equation s
_z ¼ _z½T;E; Z; z; h ð46Þ
in accordanc e with the Clausius–Planck inequal ity (44.1), such that 
the model under considerat ion becomes thermodynami cally 
consiste nt.
2.6. Heat-cond uction equation 
The heat-con duction equation can be derived in a standard way 
from the energy Eq. (34.2), cf. e.g. (Haupt, 2002 ). Taking the equa- 
tions (35), (37), (38), (41), and (45) into account one gets from Eq.
(34.2):
q0cd _hþ Divq0 ¼ Z _z þ h
@T
@h
: _E þ h @Z
@h
_z þ q0rh ð47Þ
with the heat capacity 
cd :¼ h @
2W
@h2
¼ @e
@h
 
: ð48Þ
In our case of curing involve d in the proces s, we can re-write the 
heat-cond uction Eq. (47) as
q0cd _hþ Divq0 ¼ LT : _E þ LZ _z þ q0rh; ð49Þ
where the latent heat of stress LT and the latent heat of curing LZ are
introduce d as 
LT :¼ h @T
@h
LZ :¼ Z þ h @Z
@h
:
ð50Þ
Eq. (50) will be further evaluated in Subsection 3.6.
3. A prototyp e model 
The general thermodyna mic framework of the previous section 
is now specialized to the scenario of a mechanical–thermal–chem-
ical process for polymeric materials. To this end, we make concrete 
proposal s for the Helmholtz free energy as well as for evolution of 
the degree of cure z. Furthermore, we discuss the thermod ynamic 
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terms LT and LZ occurring in the heat-conductio n Eq. (49) are
specialized.
3.1. Helmholtz free energy 
The Helmholtz free energy W describes the energy storage due 
to reversibl e deformation s, and, more generally, it can be used to 
describe different storage mechanism s, e.g. energy changes due 
to chemical and interfacial effects. As a speciﬁc example of a Helm- 
holtz free energy function we consider 
1: W ¼ Wiso½E; z; h þWvol½E; z; h þWh½h þWch½z; h; where 
2: Wiso ¼ 1
q0
Z t
1
G½h½t; z½s d
ds 
tr½Edevt ½s2
 
ds
3: Wvol ¼ 1
2q0
Z t
1
K½h½t; z½s d
ds 
et ½s2
 
ds
4: Wh ¼
Z h
h0
cd½hdh h
Z h
h0
cd½h
h
dh
5: Wch ¼ HTð1  zÞ:
ð51ÞRemarks 3.1 
1. The terms Wiso and Wvol deﬁne the mechanical part of the free 
energy function and take storage quantities related to the (elas-
tic) strains into account. The ﬁrst part considers isochoric defor- 
mations and the second part considers volumetric 
deformation s. For an isotropic material G½h; z and K½h; z are
the shear modulus and the bulk modulus respectively, both 
dependent on temperature h and the state of curing z. The 
dependence of G and K on the current temperature takes the 
entropy elasticity into account (Lion and Johlitz, 2012 ).
2. The term Wvol in Eq. (51.3) covers density changes caused by 
changes of temperature as well of curing, coupled to elasticity.
Eqs. (31.1, 31.2) and Eq. (25) render the alternative 
representat ion Wvol ¼  1
q0
Z t
1
K½h½t; z½s d
ds 
trE½s  ln Jp½s  ln Jz½s  trE½t
þ ln Jp½t þ ln Jz½t2ds:
¼  1
q0
Z t
1
K½h½t; z½s d
ds 
trEt ½s  3a½h½s; z½sht ½sð
3b½h½szt ½sÞ2ds;
ð52Þ
where ht and zt are the relative temperature and the relative de- 
gree of cure in Eq. (33).
3. For the case of constant relaxation functions K½h; z ¼ K0 and
G½h; z ¼ G0 and constant bulk heat-exp ansion coefﬁcient a0
and constant bulk curing dilatation coefﬁcient b0 the mechani- 
cal part of the free energy function reduces as follows:Wiso½t ¼ G0
q0
tr½Edevt ½t2  tr½Edevt ½12
 
Wvol½t ¼ K0
q0
ðtrEt½t  3a0ht ½t  3b0zt ½tÞ2  ðtrEt ½1

3a0ht ½13b0zt½1Þ2

:
ð53Þ
With the initial conditio ns E½1 ¼ 0, h½1 ¼ h0, z½1 ¼ 0
and Et ½t ¼ 0 (from Eq. ((4.1)) ht ½t ¼ 0, zt½t ¼ 0 we obtain 
Edevt ½1 ¼ Edev ½t, ht ½1 ¼ h½t, zt½1 ¼ z½t. Then, the 
mechan ical part of the free energy function reduces to Wiso½t ¼ ðG0=q0Þ tr½Edev ½t2
 
, Wvol½t¼ ðK0=q0ÞðtrE½t  3a0ðh½t
h0Þ  3b0z½tÞ2:
4. The term Wh in Eq. (51.4) represents thermally stored energy,
which has been introduced in Raniecki and Bruhns (1991). Here,
we neglect the dependence of the speciﬁc heat capacity cd on
curing. In order to be consistent with (51.5), cd can be under- 
stood as the speciﬁc heat capacity of the initial state given by 
z0 ¼ 0.
5. The term Wch in Eq. (51.5) represents the chemically stored 
energy with respect to curing. For its justiﬁcation, we consider 
the generation of heat during curing:1: HðtÞ ¼
Z t
1
1
q0
dDQ ½s
ds 
ds ; 2: DQ ½s
¼ Q c½s  Q h½s; 3: HT ¼ H½t ¼ 1: ð54Þ
In Eq. (54.2) Qc½s and Qh½s are measureme nts for the heat ﬂow
within an initially uncured specimen and an initially fully cured 
specimen, respectively, each one needed to reach or hold a pre- 
scribed temperat ure. As before,q0 is the density related to the ref- 
erence conﬁguration. The term HT is introduce d in Hilton (2003)
and describes the amount of heat generat ed during dynamic scan- 
ning until completi on of the chemical reactions . Let us deﬁne cur- 
ing at time t:
1: z½t ¼ H½t
HT
) 2: Wch ¼ HTð1  zÞ ¼ HT  H½t: ð55Þ
Consequen tly, Wch in Eq. (51.5) can be interpreted as the stored 
amount of heat at time t available to release. In case of a fully 
cured mater ials, i.e. z ¼ 1 this term does not appear. To the 
authors knowledge , the formulation Eq. (51.5) for the chemical 
part of the energy function has not been consider ed previousl y.
6. Inserting (54.1) into Eq. (55.2) rendersWch ¼ HT 
Z t
1
1
q0
dDQ ½s
ds 
ds : ð56Þ
In this representat ion the chemical part of the free energy in Eq.
(51.5) is a functiona l of the entire heat ﬂow history, analogous ly 
to the isochoric and volumetric parts of the free energy in Eqs.
(51.2, 51.3), which are dependent on the entire deformat ion 
history.
3.2. Thermody namic forces 
Inserting the ﬁnal result in the appendix for the material time 
derivative of the Helmhol tz free energy function Eq. (A.7) into
the Clausius–Duhem inequality (36), rearranging and considering 
the Eqs. (41), (4.2) and (32) we identify the thermodynam ic forces 
in the relations (38) as
1: T ¼
Z t
1
2G½h½t; z½s d
ds 
Edev ½sdsþ
Z t
1
K½h½t; z½s d
ds 
e½sds1
2: g
 ¼ 1
q0
Z t
1
@G½h½t; z½s
@h
d
ds 
tr½Edevt ½s2ds
þ 1
2q0
Z t
1
@K½h½t; z½s
@h
d
ds 
ðet½sÞ2ds
 1
2q0
Z t
1
K½h½t; z½s d
ds 
e½sds3aþ @
@h
Wh
3: Z ¼ 
Z t
1
@G½h½t; z½s
@z
d
ds 
tr½Edevt ½s2ds
 1
2
Z t
1
@K½h½t; z½s
@z
d
ds 
ðet½sÞ2ds

Z t
1
K½h½t; z½s d
ds 
e½sds3b q0HT
ð57Þ
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Eq. (57.1) represent the spherical and deviatoric part of the Hill 
stress tensor due to elastic deformat ions. The term e½s accounts
for thermal–mechanical and chemical–mechanical coupling.
Upon applying the trace operator tr ½ ¼ 1 : ½ to the Hill stress 
tensor in (57.1) the chemical force in Eq. (57.3) rewrites as 
Z ¼ 
Z t
1
@G½h½t; z½s
@z
d
ds 
tr½Edevt ½s2ds
1
2
Z t
1
@K½h½t; z½s
@z
	 d
ds 
ðet½sÞ2ds btrT  q0HT : ð58Þ3.3. Cure kinetics and evolution of degree of cure 
According to Halley and Mackay (1996) and Meuwissen et al.
(2004) two distinct approach es are available for describin g the cure 
kinetics of thermose tting materials: a ‘‘mechanisti c approach ’’ and 
an ‘‘empirical approach’’. The ﬁrst kind, in the sequel denoted as ther-
mo–chemical approach , considers a detailed analysis of the cure pro- 
cess, while the second kind assumes an overall reaction order and ﬁt
this to the measure ment data. The thermo–chemical approach pro- 
vides more information on the underlying mechanism s of the reac- 
tion. An example for the deﬁnition of curing is given in Eq. (55.2)
A variety of empirical kinetic rate laws have been developed to 
describe the curing process of thermosetting systems. Using a
modiﬁed Arrhenius-t ype equation , the evolution of cure can be ex- 
pressed as a function of degree of cure itself. For the evolution of 
the curing we follow an approach of Lion and Höfer (2007)
_z ¼ kA exp EARh
 	
zað1  zÞn; ð59Þ
where kA; EA;R are respective ly the Arrhenius constan t, the activation 
energy and the universal gas constant. Furthermor e, a;n are power 
constants. Note, that the evolution Eq. (59) exhibits the property 
_zP 0: ð60Þ3.4. Summary of constitutive equations 
The constitutive relations for the thermal–mechanical–chemi- 
cal coupled process accounting also for curing are summarized in 
Eq. (1)–(14) of Table 1.
Remarks 3.2 
1. Note, that the Hill stress tensor T of Eq. (57.1) is decomposed in 
Table 1 into two parts, the volumetric stress Tvol and the devia- 
toric stress Tdev . In this way, Eqs. 5 and 6 of Table 1 deﬁne con- 
volution integrals. Furthermore, resulting from the 
decompositi on (31.3) the volumetric stress Tvol is written in 
terms of the effective strain Ep.
2. The actual shear modulus in Eq. (51.2) is formulated as a Prony 
series with a modiﬁcation of de Prony (1795) and Martin and 
Adolf (1990). A detailed formulation is given in Table 1. These 
sets of equations coincide basically with the equations given 
in Meuwissen et al. (2004), formulated within a geometrical ly 
linear theory.
3. In Eq. (12) of Table 1, contrary to Meuwissen et al. (2004) we
assume a linear depende nce on the degree of cure for the equi- 
librium bulk compression modulus K10 , as a consequence of the 
result (30.2).
4. The gel point is deﬁned as the point at which the material 
undergoes a transition from a liquid to a viscoelastic solid. On 
the different criteria we refer to Meuwiss en et al. (2004). In 
our approach zgel is deﬁned as a material parameter.5. In Eq. (12) in Table 1 G1f and K1f are the equilibrium shear and 
bulk moduli of the fully cured material, respectively. Also, in Eq.
(9) in Table 1, sGi ½s; h; i ¼ 1; . . . ;npr are relaxation times, depen- 
dent on time and temperature , and where npr is the number of 
Prony series in Eq. (7) of Table 1. Note, that Eq. (10) (for hP hg)
in Table 1 for determinati on of the shift factor aT is known as 
the Williams–Landel–Ferry equation, (Williams et al., 1955 ).
Furthermore, hg in Eq. (11) of Table 1 is referred to as the glass 
transition temperature , and hg0 in Eq. (12) is the glass transition 
temperat ure of the uncured material.
6. In Eq. (14) of Table 1 also the material parameters are collected 
in the vectors jkint , jhard, jcur , jvisco, and jh. Here the vector jh
summari zes additional parameters occurring within the heat 
conduction Eq. (49). cd, is the heat capacity in Eq. (48), kh is
the heat conduction coefﬁcient in Eq. (45), and q0 is the (bulk)
density with respect to the reference conﬁguration in Eq. (15.1).
7. For later investigatio ns the ﬁrst derivative of the equilibrium 
shear and bulk moduli G1½s and K10½s in Eq. (12) of Table 1
are determined as 1:
@G0½z
@z
¼
0 z < zgel
8
3 G1f
z2z2
gel 
1z2
gel 
 5=3
2z
1z2
gel 
; zP zgel
8><
>: ;
2:
@K0½z
@z
¼ 1
K0½z2
ðK1f Þ1  ðK10Þ1
  ð61Þ
which for K1f P K10 render s the properti es 
1:
@G0½z
@z
¼ 0; z < zgel
> 0; zP zgel


; 2:
@K0½z
@z
> 0: ð62Þ
3.5. Thermody namic consistency 
For thermodyna mic consisten cy of the model under consider- 
ation (see Table 1) it is sufﬁcient, that the Clausius–Plank inequal- 
ity (44.1) is fulﬁlled. To this end, accordin g to the thermod ynamic 
framewor k in Section 2 the Clausius–Planck inequality (44.1) must
be satisﬁed. With the result (58) it obtains the form 
Di ¼ Z _z ¼
Z t
1
@G½h½t; z½s
@z
d
ds 
tr½Edevt ½s2ds

þ1
2
Z t
1
@K½h½t; z½s
@z
d
ds 
ðet½sÞ2ds

_z þ btrT þ q0HTð Þ _zP 0: ð63Þ
Exploitin g the properti es (60) and (62) the ﬁrst term in the middle 
part in the above inequality is greater than zero. Thus, taking into 
account, that (in general ) the bulk heat-dilatat ion coefﬁcient b is
negative, it remains to show that 
trT 6 q0HTjbj : ð64Þ
Since the amount of heat until complet ion of the chemic al reaction s
HT is assumed to be positive, the term on the right hand side in the 
inequal ity (64) is always positive. Conseque ntly, for negative values 
of tr T – that is under pressure – (64) is always satisﬁed. For positive 
values of tr T (64) such a general conclu sion cannot be drawn, and 
therefore some represe ntative values for thermo setting materi als 
shall be investi gated:
Typically, thermosetti ng materials have the following values 
(see also data in the later Section 5.1): Amount of heat:
HT ¼ 21 J/g, density resin 1:62 g/cm 3, mass shrinking–dilatation 
coefﬁcient b ¼ 0:03. Then the right hand side in the inequalit y
(64) is
q0HT
jbj ¼
1:62  21 
0:03
N m g
g cm 3
¼ 1134 N
mm2
: ð65Þ
Table 1
Constitutive relations for visco–elasticity and curing.
1. Hencky strain E ¼ 12 ln C½ 
2. Volumetric and 
deviatoric strains 
Evol ¼ 13 tr½E1; Edev ¼ E  Evol
3. Thermal and shrinking 
strains 
Eth ¼
R t
s¼1 a½s dhds ds1; a½s ¼ amð1  z½sÞ þ apz½s
Ecur ¼
R t
s¼1 b½s dz ds ds1
4. Effective strain Ep ¼ E  Eth  Ecur
5. Volumetric stress Tvol ¼
R t
s¼1 K½s; t dds tr Ep½s
 
1ds
6. Deviatoric stress Tdev ¼
R t
s¼1 2G½s; t dds Edev ½sds
7. Shear modulus 
G½s; t ¼ G0½s þ
Pnpr
i¼1Gi exp 
R t
s¼1
ds
sG
i
½s;h
 	
8. Shear constants Gi ¼ a
G
i G1f
1
Pnpr 
i¼1a
G
i
9. Relaxation times sGi ½t; h ¼ aTsGi0½href 
10. Shift factor aT ¼ exp  C1ðhhgÞC2þhhg
 
; for hP hg
aT ¼ exp  C1C2
 
; forh < hg
11. Glass transition 
temperature 
hg ¼ hg0 exp g1zg2z
 
12. Equilibrium moduli 
G0½z ¼
0 z < zgel;
G1f
z2z2gel 
1z2gel 
 8=3
; zP zgel
8<
:
K0½z1 ¼ K110 þ ððK1f Þ1  ðK10Þ1Þz
13. Curing rate _z ¼ kA exp EARh
 
zað1  zÞn
14. Material parameters jkint ¼ ½kA; EA;R; a;n;HT 
jhard ¼ ½G1f ; m; b;K10;K1f ;am;ap
jcur ¼ ½hg0; g1; g2;C1;C2; zgel
jv isco ¼ ½Gi; sGi0; i ¼ 1; . . . ;npr 
jh ¼ ½cd; kh;q0
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we conclude, that the model under considerat ion is thermodynam- 
ically consistent for realistic application s. Moreover, this result does 
not depend on special approac hes for the evolution equation s for 
curing. The only restriction is the non-nega tive property (60).
We close this subsection on thermodynam ic consistency with 
the remark, that it would be an interesting experime ntal challenge 
to investigate the curing behaviour of adhesives in a DSC under 
hydrostatic pressure or tension, which to the authors knowledge 
has not been done before.
3.6. Latent heat for the heat-conduction equation 
In our case of curing the heat-condu ction equation exhibits the 
form Eq. (49), where the latent heat of stress LT and the latent heat 
of curing LZ are introduced in Eq. (50). From the thermodyna mic 
forces T and Z in (57) they take the form 
1: LT ¼ h@T
@h
; where 
2:
@T
@h
¼
Z t
1
2
@G½h½t;z½s
@h
d
ds 
Edev ½s ds þ
Z t
1
2
@K½h½t;z½s
@h
d
ds 
e½s

Z t
1
3K½h½t;z½s @a½h½s;z½s
@h
d
ds 
h½s þ@b½h½s
@h
d
ds 
z½s
 
ds 1
3: LZ ¼Zþ h @Z
@h
; where 
4: Z ¼
Z t
1
@G½h½t;z½s
@z
d
ds 
tr½Edevt ½s2ds
1
2
Z t
1
@K½h½t;z½s
@z
d
ds 
ðet ½sÞ2ds

Z t
1
3K½h½t;z½s d
ds 
e½sdsbq0HT :
5:
@Z
@h
¼
Z t
1
@2G½h½t;z½s
@z@h
d
ds 
tr½Edevt ½s2ds
1
2
Z t
1
@2K½h½t;z½s
@z@h
d
ds 
ðet ½sÞ2ds

Z t
1
3K½h½t;z½s @a½h½s;z½s
@h
d
ds 
h½s þ@b½h½s
@h
d
ds 
z½s
 
ds b

Z t
1
@K½h½t;z½s
@h
3bþK½h½t;z½s 3@b
@h
 
d
ds 
e½sds:
ð66ÞNote, that the heat-cond uction Eq. (49), obtained from a thermo dy- 
namic framewo rk, has a more complex form as in Hilton, 2003 , ob- 
tained from an ad hoc approach, and where only the term q0HT
represe nts the latent heat LZ .
4. Numerical impleme ntation 
In the partial different ial equation s of the previous section the 
mechanical (equilibrium) Eq. (34.1) is coupled to the thermal 
(heat) Eq. (3.6). Principal ly, this coupled boundary value problem 
can be solved in a monolithic way. However, in our analysis a
two-step algorithm is employed at each time interval: In the ﬁrst
step, the heat Eq. (3.6) is solved with an implicit algorithm, where 
the inﬂuence of the latent heat is approximat ed by values from the 
previous time step. In the second step, a mechanical problem is 
solved, also with an implicit algorithm. In this way, with the latent 
heat from the previous time step, the overall algorithm can only be 
regarded as a semi-implici t algorithm, which however works rea- 
sonable well for the representative examples in the next section.
The solution of boundary value problems is well documented in 
the literature and we will not elaborate on further details, see 
e.g. (Zienkiewicz and Taylor, 2005; Simo and Hughes, 1998 ). Con- 
sequently , in what follows we will concentrate on the numerical 
integrati on for the constituti ve equations summarized in Table 1
and on the impleme ntation of the heat-con duction equation (3.6).
Following standard integration procedures in ﬁnite element 
techniqu es for solution of the mechanical (equilibrium) Eq.
(34.1), a strain-driven algorithm is considered over a ﬁnite time 
step Dt= nþ1t  nt. To this end it is assumed, that the deformat ion 
gradient nþ1F, the Jacobian nþ1J and initial data nz; nT are given.
Addition ally we assume, that temperature s nh; nþ1h are provided 
as a result of the thermal problem within the staggered algorithm 
explained above.
4.1. Time integration of the degree of cure with adaptive time step 
control
For time integration of the cure evolution Eq. (59) an Euler-im -
plicit rule is used. The algorithm is summarized in Table 2. (In Eq.II 
the time step counter n must not be confused with the exponent n
in Eq. (59)). For large time steps, the Euler-explicit rule renders 
instable results. Therefore, additional ly an (internal) time-step 
control is applied, as summari zed in Table 3.
4.2. Time integration of the stresses 
For determination of the stresses the convolution integrals Eqs.
5 and 6 in Table 1 must be numerically evaluated. In the following 
this task will be described by use of an Euler-implicit scheme for 
the deviatoric stresses. An analogous scheme can be derived for 
the volumetric stresses. To this end both the equilibrium Hill stres- 
ses Tdev ;0 and the relaxation Hill stresses at time nþ1t
nþ1Tdev ½t; i ¼ 0; . . . ;npr are summarized as follows 
1: nþ1Tdev ½t ¼
Xnpr
i¼0
nþ1Tdev;i½t; where 
2: nþ1Tdev;i½t ¼
Z t
s¼0
2Gi½s exp 
Z nþ1t
u¼s
du
si½u
 	
dEdev
ds 
ds ; i ¼ 0; . . . ;npr:
ð67Þ
Note, that here the index i starts with 0. The numerica l implem en- 
tation of the above equations is based on solution of the eigenvalue 
problem nþ1C  NA ¼ k2ANA;A ¼ 1;2;3 for the right Cauchy–Green 
tensor nþ1C at time nþ1t and the resulting spectral decompos ition,
see e.g. (Miehe and Lambrecht, 2000 ):
Table 3
Adaptive time-step contr ol for the degree of cure.
Given: Time step Dnþ1t, initial condition nþ1z, tolerance tol
Set i ¼ 0, number of subincrements nSub;i¼1 ¼ 1;nSub;iþ1 ¼ 2
Step I: Determine _zðnþ1tiÞi¼0 with algorithm in Table 2
Step II: Determine Dnþ1 i ¼ Dnþ1t=nSub;i , time steps 
tj ¼ jDnþ1ti; j ¼ 0; . . . ;nSub;i
Step III: Determine nþ1ziþ1 with algorithm in Table 2
Step IV: If jnþ1ziþ1  nþ1zij < tol, EXIT.
Else: Set nSub;i¼1 ¼ 2nSub;i; i ¼ i þ 1, goto Step II
Table 4
Algorithm for update of Hill-stresses, consist ent tangent modulus.
Given: Time step Dnþ1t, curing parameters nz; nþ1z,
temperatures nh; nþ1h, strains nE; nþ1E, stresses nTi; i ¼ 1; . . . ;npr
Step I: Temperature and curing dependent constants:
– Equilibrium moduli:
nþ1G0 ¼ G1f
nþ1 zz2gel 
1z2
gel 
 8=3
for zP zgel ; nþ1G0 ¼ 0 else 
nþ1K10 ¼ K110 þ ðK11f  K110Þnþ1z
– Thermal expansion coefﬁcient: nþ1a ¼ amð1  nþ1zÞ þ apnþ1z
– Shift factor: nþ1aT ¼ exp  C1ð
nþ1hhgÞ
C2þnþ1hhg
 
, for hP hg
nþ1aT ¼ exp  C1C2
 
; forh < hg
– Relaxation times: nþ1sGi ½t; h ¼ nþ1aTsGi0½t; href , i ¼ 1; . . . ;npr
– Glas transition temperature: nþ1hg ¼ hg0 exp g1
nþ1z
g2nþ1z
 
Step II: Thermal strains: nþ1Eth  nEth ¼ nþ1a nþ1h nh
 
1
Step III: Shrinking strains: nþ1Ecur  nEcur ¼ b nþ1z  nz
 
1
Step IV: Effective strains: nEp ¼ nE  nEth  nEcur 
nþ1Ep ¼ nþ1E  nþ1Eth  nþ1Ecur 
nEpvol ¼ 13 trðnEpÞ1, nþ1Epvol ¼ 13 trðnþ1EpÞ1
nEpde v ¼ nEp  nEpvol;
nþ1Epde v ¼ nþ1Ep  nþ1Epvol
Step VI: Equilibrium stresses 
nþ1Tdev0 ¼ nTdev0 þ 2nþ1G0 nþ1Epde v  nEpde v
 
nþ1Tvol0 ¼ nTvol0 þ nþ1K0 nþ1Epvol  nEpvol
 
Step VII: (Relaxation) stresses (for i ¼ 1; . . . ;npr .)
nþ1Tdev ;i ¼ exp Dtnþ1sGi
 	
nTdev ;i
þ 2nþ1Gi 1  exp Dtnþ1sGi
 	  nþ1sGi
Dt
nþ1Epde v  nEpde v
 
Step VIII: Total stresses 
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X3
A¼1
k2AMA; where MA ¼ NA NA;A ¼ 1;2;3 ðat time nþ1tÞ:
ð68Þ
Note in passing, that due to isotropy the logarith mic Hencky-st rain 
nþ1E and the Hill–stress tensor have identica l principal axes. Thus 
we write the decomp ositions 
1: nþ1E ¼
X3
A¼1
nþ1EAMA; 2: nþ1EA ¼ 12 log k
2
A;
3: nþ1T ¼
X3
A¼1
nþ1TAMA; 4: nEA ¼
X3
A¼1
nEAMA:
ð69Þ
Here nþ1EA; nþ1TA; nEA are the principal values of the logarithm ic 
Hencky-st rain nþ1E, the Hill stress tensor nþ1T and the strain at 
the previous time step nE, respectivel y. For the subsequent repre- 
sentations we introduce the matrix notations 
nþ1E ¼
nþ1E1
nþ1E2
nþ1E3
2
64
3
75; nþ1T ¼
nþ1T1
nþ1T2
nþ1T3
2
64
3
75; nE ¼
nE1
nE2
nE3
2
64
3
75; 1 ¼
1
1
1
2
64
3
75;
ð70Þ
I3 ¼
1 0 0
0 1 0
0 0 1
2
64
3
75; Idev ¼ I  13 1 1T : ð71Þ
Then, the counter part in principal directions of the relations (67) is
1: nþ1Tdev ½t ¼
Xnpr
i¼0
nþ1Tdev;i½t; where 
2: nþ1Tdev;i½t ¼
Z nþ1t
s¼0
2Gi½s exp 
Z nþ1t
u¼s
du
si½u
" #
@Edev
@s
ds ; i ¼ 0; . . . ;npr:
ð72Þ
These relatio ns render an identica l structure as in the geome trical 
linear theory.
For evaluation of the above integral the following approxima- 
tion is used:
exp 
Z nþ1t
u¼s
du
si½u
" #
¼ exp 
Z nt
u¼s
du
si½u 
Z nþ1t
nt
du
si½u
" #
 exp 
Z nt
u¼s
du
si½u
" #
exp  Dt
nþ1si
 	
; ð73Þ
where si½u  nþ1si within the increme nt nt 6 t 6 nþ1t has been used.
Applicati on of the rule (73) at time s 6 nt renders for the stress 
nþ1Tdev ;i in Eq. (72)
nþ1Tdev;i ¼ exp  Dtnþ1si
 	 Z nt
s¼0
2Gi½s exp 
Z nt
u¼s
du
si½u
" #
@Edev
@s
ds 
þ
Z nþ1t
s¼nt
2Gi½s exp 
Z nþ1t
u¼s
du
si½u
" #
@Edev
@s
ds ; i ¼ 0; . . . ;npr:
ð74ÞTable 2
Time integration of degree of cure.
Given: Time steps, 0t; 1t; . . . nt, time step counter n ¼ 0, initial condition 0z
Step I: Time step Dt= nþ1t  nt
Step II: Euler explicit nþ1z ¼ nz þ Dnþ1z, Dnþ1z ¼ Dt _zðnþ1tÞ, _zðnþ1tÞ from
Table 1
Step III: Update n ! n þ 1; nþ1z ! nz If n 6 nt , goto Step IWithin the increme nt nt 6 t 6 nþ1t also the following approx ima- 
tions are used 
1: si½u  nþ1si
2: 2Gi½s  2nþ1Gi
3:
@Edev
@s

nþ1Edev  nEdev
Dt
ð75Þnþ1T ¼ nþ1Tdev þ nþ1Tvol0 ¼ Tdev0 þ
Pnpr
i¼1
nþ1Tdev ;i þ Tvol0
Step IX: Tangent modulus 
nþ1CT ¼ nþ1Cdev þ nþ1Cvol 
nþ1Cdev ¼ 2nþ1G0 þ
Xnpr
i¼1
2nþ1Gi 1  exp Dtnþ1si
 	  nþ1si
Dt
 !
Idev
nþ1Cvol ¼ 3nþ1K0Ivol
Table 5
Values for material parameters in Table 1.
jkint: log 10kA [s1] EA [J/mol] R [mbar cm 
3/(mol K)] a½ n½ HT [J/g] 
9.9 89110 8.3144621 0.99 3.01 21.0 
jhard E1f [MPa] m [–] b [–] K10=K1f [–] am [1/K] ap [1/K] 
241.68 0.42 0.03 0.7 1.0 105 0.5105
jcur hg0 ½C g1½— g2[–] C1½— C2 [K] zgel [–]
130 0.0581 1.255 13.79 1.0 0.1 
jvisco: Gi [MPa] sGi0½—
2.6662 101 100.50100
8.4439 102 1.463101
7.9702 102 1.118101
9.4023 102 8.12210þ2
1.0606 101 6.744101
jh cd [J/(kgK)] k [J/(msK)] q0 [g/cm
3]
2.2 0.01 1.62 
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Fig. 1. Differential scanning calorimetry: (a) temperature and heat ﬂow per mass vs. time, (b) degree of curing vs. time.
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exp 
Z nþ1t
u¼s
du
si½u
" #
 exp 
Z nþ1t
u¼s
du
nþ1si
" #
¼ exp 
nþ1t  s
nþ1si
 	
)
Z nþ1t
s¼nt
exp 
nþ1t  s
nþ1si
 	
ds ¼ nþ1si 1  exp Dtnþ1si
 	 
:
ð76Þ
Using the results (75) and (76) in Eq. (74), it follows 
nþ1Tdev;i ¼ exp Dtnþ1si
 	
nTdev;i
þ 2 nþ1Gi nþ1si 1  exp Dtnþ1si
 	  nþ1Edev  nEdev
Dt
ð77Þ
and conseque ntly 
nþ1Tdev;i ¼ exp Dtnþ1si
 	
nTdev;i ð78Þ
þ 2 nþ1Gi 1  exp Dtnþ1si
 	  nþ1si
Dt
nþ1Edev  nEdev
 
;
i ¼ 0; . . . ;npr: ð79ÞFor i ¼ 0 we obtain with 
1: nþ1G0 ¼ G½nþ1z
2: si0 !1 ) exp  Dtsi0
 	
¼ 1
3: exp  Dt
si0
 	
 1  Dt
si0
þ Dt
si0
 2
 . . .
ð80Þ
the following update scheme for the equilibrium stresses (i ¼ 0):
nþ1Tdev0 ¼ nTdev0 þ 2nþ1G0 nþ1Edev  nEdev
 
: ð81Þ
For i > 1 we have: nþ1Gi ¼ Gi ¼ const, si ¼ si0 nþ1aT and conse- 
quentl y, the following update scheme for the relaxatio n stresses is 
obtained :
nþ1Tdev;i ¼ exp Dtnþ1si
 	
nTdev;i ð82Þ
þ 2 nþ1Gi 1  exp Dtnþ1si
 	  nþ1si
Dt
nþ1Edev  nEdev
 
;
i ¼ 1; . . . ;npr: ð83Þ
The complete algorith m for the degree of cure and the stresses is 
summar ized in Table 4.
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Fig. 3. One dimensional coupling: (a) shear (GOVT) and bulk (BOVT) moduli as well as degree of cure (z) vs. time, (b) glass transition temperature vs. degree of cure, (c)
temperature (TEMP), thermal (TRTEM) and curing (TRCUR) strain vs. time, (d) stress vs time.
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(a) (b)
(c) (d)
(e) (f)
Fig. 4. Deep drawing of a spherical part: (a) geometry, arrangement and dimensions, (b) CAD-model of the whole system, (c) ﬁnite-element discretization, mechanical and 
thermal boundary conditions, (d) 3D view of FE-Model, consisting of the rigid form (grey) and aluminium blank (blue), (e) schematic displacement and temperature with 
respect to time (ph1 forming, ph2 curing, ph3 ejecting), (f) scaled up view of area A, location of point P. (For interpretation of the references to colour in this ﬁgure legend, the 
reader is referred to the web version of this article.)
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The algorithmic tangent modulus necessary for application of a
Newton algorithm for the equilibriu m iteration is deﬁned as the 
derivative of the second Piola–Kirchhoff stress tensor S with re- 
spect to the right Cauchy–Green tensor C, i.e.nþ1C ¼ 2 @
nþ1S½C
@nþ1C
: ð84Þ
Given the relation betwee n the Second Piola–Kirchhoff S stress and 
the Hill stress T in Eq. (41.2) the following relations are obtained by 
forma l application of the chain rule (see Miehe and Lambrec ht,
2000):
Fig. 5. Deep drawing of a spherical part: von-Mises stress and degree of curing.
R. Mahnken / International Journal of Solids and Structures 50 (2013) 2003–2021 20151: C ¼ P : H : Pþ T : L; where 
2: H ¼ @T
@E
;
3: L ¼ 4 @
2E
@C  @C :
Here, in addition to the projectio n tensor P in Eq. (5.2) we have de- 
ﬁned the fourth order tensor L and the material tensor H (the upper 
index in nþ1ð:Þ is left out). Based on the represen tation (69.3) for the 
Hill stress tensor straightfo rward differentia tion renders the follow- 
ing result 
H ¼
X3
A¼1
X3
B¼1
@TA
@EB
MA  MB þ 12
X3
A¼1
X3
B–A
TA  TB
EA  EB GAB þGBAð Þ; ð86Þwhere Gijkl AB ¼ Mik A Mjl B þ Mil AMjk B , see Miehe and Lambrec ht, 2000 . By 
use of the matrix notations (71) the coefﬁcients @nþ1TA=@nþ1EB are
obtained as 
nþ1CT ¼ @
nþ1T
@nþ1E
ð87Þ
The result is given in Step IX of Table 4.
4.4. Comment s on time integration of the heat-conduc tion equation 
From the continuo us form (49) the time discretized form for the 
heat-con duction equation is 
Fig. 6. Deep drawing of a spherical part: curing strain and temperature.
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nþ1h nh
Dt
þ Divnþ1q0 ¼ nþ1LT :
nþ1E  nE
Dt
þ nþ1LZ
nþ1z  nz
Dt
þ q0nþ1rh; ð88Þ
where the latent heat of stress LT and the latent heat of curing LZ are
deﬁned in Eq. (66.1, 66.3), respective ly. Due to its complexity , in the 
following simulati ons we have neglected the term LT, and the term 
LZ is simpliﬁed as 
nþ1LZ ¼ nþ1Z þ nþ1h @
nþ1Z
@nþ1h
 q0nþ1HT ; ð89Þ
that is, the inﬂuence of the addition al parts in Eq. (66) and has not 
been considered so far in the numerical simulati ons, and will be an 
issue of further research.We close this section with the remark, that the algorithm in Ta-
ble 4 has been implemented into a ﬁnite-element in-house pro- 
gram as well as the UMAT subroutine of the commercial ﬁnite
element program Abaqus (2009).5. Representa tive examples 
In this section three numerical examples are presented. In the 
ensuing subsection experime ntal data obtained from differential 
scanning calorimetry (DSC) are used for parameter identiﬁcation
representi ng curing for an epoxy resin. In a second example the 
coupling of temperature , curing and viscoelasti city of the proposed 
model is illustrated for a one-dimens ional problem, based on arbi- 
trarily chosen material paramete rs. A third example considers the 
ﬁnite-element simulation for a deep drawing process of a spherical 
part.
(a)
(b)
(c)
(d)
Fig. 7. Deep drawing of a spherical part: view cut of deformation and (a) von-Mises 
stress, (b) degree of curing, (c) curing strain and (d) temperature.
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(DSC)
Differential scanning calorimeter (DSC) is a basic tool in thermal 
analysis. A sample specimen of known mass is heated or cooled at 
a controlled temperature program in a controlled atmosph ere, and 
the heat ﬂow rate is measured. This allows the detection of transi- 
tions like melts, glass transitions, phase changes and curing. In the 
following we use experimental results of DSC measureme nt for an 
epoxy resin (‘‘Harzsystem E201’’) for veriﬁcation of our thermo–
chemical model. E201 is a widely used matrix material on epoxy 
base. It is a standard matrix for prepregs in industria l use made 
by different manufactur ers. It has to be mentioned, that by ‘‘un- 
cured’’ we refer to a material in a state of delivery. This may not 
be identical to the chemically uncured material, due to pre-curin g
during production. Since the degree of curing is constant but un- 
known at the state of delivery we set z ¼ 0 for the curing condition 
of the received material.As seen in Fig. 1 the loading program consists of two phases:
 In phase 1, 0 6 t 6 200s, the temperature is increased with con- 
stant rate from h ¼ 30 C up to h ¼ 180 C.
 In phase 2, 200 6 t 6 800 s, the temperature is kept constant at 
h ¼ 180 C.
Fig. 1(a) shows the resulting heat ﬂow obtained from the DSC 
experime nt as a function of time. At the beginning, approximat ely 
up to 180 s, the energy is positive at almost a constant level (with a
slight increase), which means, that energy is given to the sample 
specimen subjected to the controlle d temperature program. Then,
after approximately 180 s, there is a sudden decrease , which 
means, that the sample releases energy as a result of curing. With 
increasing time, at constant temperature , energy reduces to a zero 
value. Fig. 1(b) shows the resulting degree of cure, obtained from 
the assumption in Eq. (55.1), that curing is proportional to the heat 
release.
The simulatio n is performed with one ﬁnite element as a ther- 
mo–chemical analysis. The resulting material parameters for the 
vector jkint introduce d in Eq. (15) of Table 1 are obtained after 
some trial and error steps and are given in Table 5. In Fig. 1(a)
and (b) we show the results of simulation for heat ﬂow and the de- 
gree of cure, respectively , providing a satisfying agreement with 
experime ntal data.
5.2. Thermal–mechanical–chemical coupling in a bar 
In this example some features on the coupling of temperat ure,
curing and viscoelastici ty of the proposed model are illustrated 
for a one-dimensi onal problem. To this end, we apply a coupled 
temperat ure/elongation loading program to a bar, with values h
and k ¼ Dl=l according to Fig. 2. The algorithm in Table 4 has been 
used, where an additional equilibrium iteration loop ensures, that 
the stress always attains a uni-directio nal state.
Note, that so far no experimental data are available for the 
epoxy resin of the previous example, representing the mechanical 
part of our model equation s in Table 5. Therefore, in addition to 
jkint in Table 5 ﬁctitious material parameters in the vectors jhard,
jcur , jvisco, jh are used, in accordance with paramete rs in Meuwis-
sen et al. (2004). The loading program consists of ﬁve phases:
 In phase 1 the (one-dimensional) relative elongation is 
increased with constant rate in tension from the initial value 
k ¼ 0to a ﬁnal value of k ¼ 0:5 [-] at constant room temperature 
h ¼ 23 C.
 In phase 2 the temperature is increased from room temperature 
h ¼ 23 C at constant rate to a ﬁnal value of h ¼ 250 C.
 In phase 3, both the temperat ure h ¼ 250 C and the mechanical 
loading factor k ¼ 0:5 [–] are kept ﬁxed.
 In phase 4 the temperature is decreased from temperat ure 
h ¼ 250 C at constant rate to room temperature h ¼ 23 C.
The mechanical loading factor k ¼ 0:5 [-] is kept ﬁxed.
 In phase 5, both the temperature h ¼ 23 C and the mechanical 
loading k ¼ 0:5 [–] are kept ﬁxed.
The thermal-exp ansion coefﬁcient a is determined according to Eq.
(30.1).
In Fig. 3 we summarize some relevant quantities resulting from 
the one dimensional mechanical–thermal–chemical coupling 
including the inﬂuence of curing and temperature on some mate- 
rial parameters. Fig. 3(a) shows the degree of cure z as well as 
the equilibrium shear and bulk moduli of Eq. (13) of Table 1 versus
time. In Fig. 3(b) the glass transition temperat ure of Eq. (12) of Ta-
ble 1 versus degree of cure is illustrated. These results are obtained 
by evaluation of Eq. (11) of Table 1 for the degree of cure z in
Fig. 8. Deep drawing of a spherical part: evolution at time of curing at P showing (a) bulk and shear moduli as well as degree of curing, (b) glass transition temperature 
depending on curing, (c) temperature and curing shrinkage and (d) von-Mises stress and temperature.
2018 R. Mahnken / International Journal of Solids and Structures 50 (2013) 2003–2021Fig. 3(a). As kinematical quantities in Fig. 3(c) the thermal strain 
trEth and the curing strain tr Ecur are shown, where Eth and Ecur
are deﬁned in Eq. (3) of Table 1. In particular, shrinking due to 
the degree of cure observed. The thermal strains do not retain 
the initial zero value at the ﬁnal state. This is due to the change 
of thermal-expans ion coefﬁcient as a result of curing, expressed 
in Eq. (30.1). For the one-dimensi onal stress in Fig. 3(d) we observe 
a stress behaviou r varying with time: In Phase 1 and Phase 2 the 
stresses are almost zero as a consequence of shear and bulk moduli 
being almost zero for the uncured material. In Phase 3 curing be- 
comes a dominating nonlinear effect, which renders the stresses 
as nonlinear. After curing, in Phase 4 and Phase 5 the stresses be- 
come linear and respectively constant due to thermal expansion.
5.3. Deep drawing of a spherical part 
This example considers the deep drawing of a spherical part 
and is related to the Erichson cupping test for sheet metals 
(DIN EN ISO 20482). Details on the forming process are given in 
Fig. 4: Fig. 4(a) speciﬁes the geometry, arrangement and dimen- 
sions. The blank has a thickness of 3 mm. It consists of an artiﬁcialcuring epoxy resin, which is used commonly as matrix material in 
ﬁbre composites. A CAD-model of the whole system is shown in 
Fig. 4(b). During forming the blank is clamped between a blank 
holder and the form. In the real forming process it prevents bul- 
king and wrinkling resulting in a plane surface (in simulatio n it is 
needed for stabilisation ). The blank is pressed into the form by a
movement of the punch. Main parameters of inﬂuence on the 
forming process are the punch diameter and the bending radius 
of the form. In real forming processes the complete form would 
be heated, however , to simplify the simulation only the punch 
has a higher temperat ure, which has the largest contact area to 
the epoxy blank. Fig. 4(c) details the mechanical and thermal 
boundary conditions, where u is a given displacement and h a gi- 
ven temperature with prescribed time-depend ent values given in 
Fig. 4(e). In Fig. 4(d) we provide a three dimensional view of the 
ﬁnite element discretizatio n, consisting of the rigid form (grey)
and the epoxy blank (blue). For saving calculation time all parts 
except the blank are speciﬁed as rigid volume bodies. Also only 
one quarter of the blank is simulated, considering obvious sym- 
metry conditions. Finally, Fig. 4(f) gives a detailed view of an area 
A and the location of a point P.
Fig. 9. Deep drawing of a spherical part: evolution at time of form opening and cooling at P showing (a) bulk and shear moduli as well as degree of curing, (b) glass transition 
temperature depending on curing, (c) temperature and curing shrinkage and (d) von-Mises stress and temperature.
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phases:
 Phase 1: The forming phase 
The material is drawn into its new shape, where the form is 
heated up slowly. Because of the fast forming process, the inﬂu-
ence of temperature can be neglected in this step. The forming 
takes place in two seconds, the ﬁrst small forming incremen t in 
Fig. 4(e) is needed for establishing contacts and preventin g
numerical discontinuiti es.
 Phase 2: The curing phase 
In this phase the blank is heating up to its curing temperature of 
200  C. A curing time of 3500 s has been adopted, to ensure that 
the complete blank is cured.
 Phase 3: The cooling phase 
In this phase the forming die is opened, the formed part is 
ejected and cooling to the surrounding temperature takes place.
The opening time is one second, for cooling 100 s are sufﬁcient
to regard all signiﬁcant aspects.
For the whole process 3504 s are considered.
Results of simulation are presente d in Figs. 5–7. In Fig. 5 con-
tour plots of the von-Mises stress and the degree of curing are 
shown at different times. Fig. 6 shows the curing strain tr ½Ecurand the temperature at the same times. A view cut of these vari- 
ables is presented in Fig. 7. At t ¼ 0 s the process starts and the 
material is undeformed and uncured. In particular Fig. 7(a) shows,
that in the forming Phase 1 for 0 6 t 6 2 s, the resulting stresses 
are very small due to the low viscosity of the uncured epoxy. At t
= 2 s the temperat ure rises and the material is slowly heated up 
and begins with curing. At t = 5 s the material is partly cured at 
the contact area between the epoxy and the heated punch. At t =
200 s the material in through-thick ness direction is cured and 
the heat ﬂows to the outer regions. At t = 1000 s the material is 
partly cured (Fig. 5 right) resulting in stresses at the region where 
the temperat ure is applied. Larger stresses occur at the transition 
between the heated region and the region heated up by heat ﬂow.
This stress causes a distortion in this area, its values can be seen in 
the view cut in Fig. 7. At t = 3400 s curing is completed. The distor- 
tion now also causes a bending in the outer border. Then, the form 
opens and the part is allowed to form back and cool down. This re- 
sults in a stress decrease and a partially spring back. The bending in 
the temperature applied area is permanent, the deformation at the 
outer borders is mainly vanished.
In Figs. 8 and 9 the progress of stress and other variables at 
point P of Fig. 4.f is shown. Fig. 8 reveals, that during curing, shear 
and bulk moduli, G and K, are increasing and saturate to a constant 
value. The evolution of stress originates in an overlapping of relax- 
2020 R. Mahnken / International Journal of Solids and Structures 50 (2013) 2003–2021ation and curing of nearby elements causing ﬁrstly a relaxation of 
stress, secondly an increase due to shrinking followed, thirdly, by 
relaxation. Fig. 9 shows the same variables at point P during form 
opening and cooling. Different points within the blank are curing.
Due to the complete curing the stress is relaxing. At opening the 
stress has been relaxed to a low level and after opening the die,
the part could spring back. This is resulting in a small stress 
increase.6. Summary and conclusion s
In this paper, we have developed a macroscopic constitutive 
model for temperature -dependent visco-elastic effects accompa- 
nied by curing, which are important phenomena in production 
processes. The logarithmic Hencky strain tensor constitutes the ba- 
sis for the large strain formulation and is additively decomposed 
into a mechanical , a thermal and a chemical part. Based on the con- 
cept of stoichiomet ric mass fractions for resin, curing agent and 
solidiﬁed material the bulk heat- and shrinking dilatation coefﬁ-
cients are derived and the accordence with the ad hoc assumptions 
in Ruiz and Trochu (2005) and Hill (1995) is highlight ed. Contrary 
to approaches in the literature, we derive a linear dependence with 
respect to the degree of curing for the compressib ility. Moreover,
we use the amount of heat HT generate d during different ial scan- 
ning calorimetry until completion of the chemical reactions, as 
introduced e.g. in Hilton (2003), to deﬁne the chemical energy.
As a major result, the latent heat of curing in the presented ap- 
proach includes the heat HT in the heat-condu ction equation as 
in Hilton (2003), extended by further terms, derived from the free 
energy function. Additionally , thermodyna mic consistency of the 
model has been shown for realistic stress situations occuring dur- 
ing the manufactur ing process. Moreover, this result does not de- 
pend on possible modiﬁcations within the evolution equations.
Furthermore, the numerical implementation of the prototype 
equations into the UMAT subroutine of the commercial ﬁnite ele- 
ment program Abaqus has been described.
The simulation of a deep drawing process of a spherical part 
subjected to mechanical–thermal–chemical loading demonstrates 
the capability of the model to simulate realistically this process.
Therefore the proposed macroscopic approach can be considered 
as an effective tool to simulate large-scal e engineeri ng ﬁnite-ele-
ment structures.
Concerning further extensions, the simulations should consider 
the inﬂuence of the latent heat of stress and additional quantities 
in the latent heat of curing. Also the incorporati on of ﬁbers within 
prepregs and the resulting effect of anisotropy would constitute 
interesting parts in future research. Furthermore, a more extensive 
data basis is required in future to verify the model presente d in a
broader sense and to allow to validate modiﬁed approaches of 
modeling curing in polymer systems. Moreove r, on the numerical 
side, an adaptive strategy taking strong mesh distortion s during a
forming process into account is an area of future research work.Acknowled gement 
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Appendi x A. Material time derivative of Helmholtz free energy 
function
A.1. Mechanical part 
Application of the different iation rule 
F½t ¼
Z b½t
a½t
f ½t; sds
) d
dt 
F½t ¼ f ½t; b½tb0½t  f ½t; a½ta0½t þ
Z b½t
a½t
@
@t
f ½t; sds
ðA:1Þ
to the isochoric part of the free energy function in Eq. (51.2) render s
d
dt 
Wiso ¼  d
dt 
1
q0
Z t
1
G½h½t; z½s d
ds 
tr½Edevt ½s2
 
ds
¼ 1
q0
G½h½t; z½t d
ds 
tr½Edevt ½t2
 
dt 
dt 
þ 1
q0
G½h½t; z½1 d
dt 
tr½Edevt ½12
 
dð1Þ
dt
 1
q0
Z t
1
@
@t
G½h½t; z½s d
ds 
tr½Edevt ½s2
 
ds:
ðA:2Þ
Due to the relation Edevt ½t ¼ 0 in Eq. (4.1), the initial conditio n
Edevt ½1 ¼ 0 the ﬁrst and the second part on the right hand side 
of the above equation vanish. With the properti es Eq. (4.2) and 
Eq. (4.4) and the result 
@
@t
G½h½t; z½s d
ds 
tr½Edevt ½s2
 
¼ G½h½t; z½s2 d
ds 
Edev ½s : Idev : P : D
þ @G½h½t; z½s
@h
d
ds 
tr½Edevt ½s2 _hþ
@G½h½t; z½s
@z
d
ds 
tr½Edevt ½s2 _z
ðA:3Þ
Eq. (A.2) results into 
d
dt 
Wiso ¼ 1
q0
Z t
1
2G½h½t; z½s d
ds 
Edev ½sds : P : D
 1
q0
Z t
1
@G½h½t; z½s
@h
d
ds 
tr½Edevt ½s2ds _h
 1
q0
Z t
1
@G½h½t; z½s
@z
d
ds 
tr½Edevt ½s2ds _z:
ðA:4Þ
Analogou sly, by use of the relations (4.5), (32.3) and (32.4) the time 
derivativ e of the volumetr ic part for the free energy function in Eq.
(51.3) is 
d
dt 
Wvol ¼ 1
q0
Z t
1
K½h½t; z½s d
ds 
ðe½sÞds 1 : P : D
 1
q0
Z t
1
K½h½t; z½s d
ds 
ðe½sÞds _Jq
 1
2q0
Z t
1
@K½h½t; z½s
@h
d
ds 
ðet½sÞ2ds _h
 1
2q0
Z t
1
@K½h½t; z½s
@z
ðet½sÞ2ds _z:
ðA:5ÞA.2. Chemical part 
Time differentiation of the chemical part for the free energy 
function in Eq. (51.5) renders 
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dt 
Wch ¼ HT _z: ðA:6ÞA.3. Summary 
From Eq. (A.4), Eq. (A.5) and Eq. (A.6) the ﬁnal result for the 
material time derivative of the Helmholtz free energy function is 
summarized as 
d
dt 
W¼ 1
q0
Z t
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ds 
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Z t
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